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Abstract
Dynamic homogenization aims at describing the macroscopic characteristics of wave prop-
agation in microstructured systems. Using a simple method, we derive frequency-dependent
homogenized parameters that reproduce the exact dispersion relations of infinitely periodic
flexural systems. Our scheme evades the need to calculate field variables at each point, yet ca-
pable of recovering them, if wanted. Through reflected energy analysis in scattering problems,
we quantify the applicability of the homogenized approximation. We show that at low frequen-
cies, our model replicates the transmission characteristics of semi-infinite and finite periodic
media. We quantify the decline in the approximation as frequency increases, having certain
characteristics sensitive to microscale details. We observe that the homogenized model cap-
tures the dynamic response of locally resonant media more accurately and across a wider range
of frequencies than the dynamic response of media without local resonance.
Keywords: Composite, Phononic crystal, metamaterial, Local resonator, Band gap, Flexural
wave propagation, Bloch-Floquet analysis, Dynamic homogenization
1 Introduction
The physics of systems with microstructure is governed by complex differential equations with
spatially varying coefficients, leading to fields that exhibit rapid fluctuations at the microscale. Ho-
mogenization theory aims at describing such systems in terms of simpler effective or macroscopic
equations, assuming these microscale variations can be averaged out (Hashin, 1983, Nemat-Nasser
and Hori, 1999, Milton, 2002). In turn, the homogenized models—ordinarily developed when
analyzing infinite media—are employed in investigating the physics of microstructured systems
∗Corresponding author. Tel.: +1 972 778871613. E-mail address: meshmuel@technion.ac.il (G. Shmuel).
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bordered by other media. Differently from its constituents, the effective medium may exhibit ex-
traordinary properties, in which case it is termed a metamaterial. Specifically, metamaterials in
elastodynamics admit negative effective mass and stiffness, effective anisotropic mass, and capable
of wave manipulation through negative refraction, filtering and steering (Milton and Willis, 2007,
Bigoni et al., 2013, Celli and Gonella, 2014, Ma and Sheng, 2016, Barnwell et al., 2017).
This work is concerned with the dynamic homogenization of composite and locally resonant
flexural media, whose dynamics and metamaterial properties have been extensively studied re-
cently (e.g., Xiao et al., 2013, Carta and Brun, 2015, Chen et al., 2017, Yang et al., 2017). The
Euler-Bernoulli beam model for flexural motions—the model we address in the sequel—is not only
one of the fundamental models in structural engineering, it is also employed in MEMS modeling
(Korvink and Paul, 2006), lattice models of materials (Ostoja-Starzewski, 2002), and constitutes a
platform for the analysis of novel applications (Colquitt et al., 2014, Misseroni et al., 2016, Chen
et al., 2017, Zareei et al., 2018). Different approaches were employed to describe their effective be-
havior; Sun et al. (2017) used an asymptotic expansion method to derive effective wave equations at
low frequencies of a composite beam, rather than identifying effective properties of a homogenized
medium; Antonakakis and Craster (2012) extended the exceptional high frequency homogeniza-
tion theory of Craster et al. (2010) to obtain a long-scale governing equation—of a different form
than the microscale equation—that is applicable at high frequencies, by perturbing about standing
long-waves; Chen et al. (2017) defined frequency-dependent effective properties of a beam with
periodically attached local resonators in terms of calculated macroscopic quantities; Torrent et al.
(2014) developed an effective theory for inclusion-based locally resonant flexural media, based on
the scattering properties of the inclusions.
The objective of the present work is twofold; (i) Develop a simple homogenization scheme
that delivers the exact dispersion relation—not only at low frequencies—for composite beams and
flexural systems with periodically attached local resonators; (ii) Quantify the implications of vio-
lating the fundamental homogenization assumption—that the wavelength is much larger than the
microstructure—on the replacement of semi-infinite and finite systems by their homogenized mod-
els.
To achieve objective (i), we examine macroscopic equations for the volume averages of the
field variables. The corresponding effective coefficients are derived from micromechanical consid-
erations and Fourier analysis, without the need to calculate the field variables at each point (cf.,
Willis, 2009, Nemat-Nasser et al., 2011). A similar approach was applied by Nemat-Nasser and
Srivastava (2011) for dynamic homogenization of laminates; as in the latter work, the local fields
are actually extractable from our scheme, if wanted. Indeed, the macroscopic equations, in con-
junction with the frequency-dependent effective properties, deliver the exact dispersion relation of
infinite microstructured media.
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To carry out objective (ii), we investigate the reflection behavior of semi-infinite and finite peri-
odic systems in comparison with their homogenized replacements, through a study of two scattering
problems, as investigated by Srivastava and Nemat-Nasser (2014) and Joseph and Craster (2015)
for laminates. In the first problem, we analyze the energy reflected from an interface between two
semi-infinite media, where one is periodic and the other is its homogenized equivalent. Specifically,
we explore the reflected energy dependency on the frequency and microscale details, such as the
interface location within the periodic cell. In the second problem, we analyze a finite periodic beam
bounded between two semi-infinite homogeneous beams, and compare its transmission spectrum
with the homogenized equivalent spectrum.
The paper is organized as follows. Sec. 2 firstly revisits the problem flexural wave propagation
in composite beams and systems with local resonators. Afterwards, our derivation for the macro-
scopic equations and effective properties is provided. In Sec. 3 we describe the semi-infinite and
finite scattering problems, and derive expressions for the reflected and transmitted energy, respec-
tively. Therein, we demonstrate that in the long-wavelength limit, our homogenized model is able
to match the impedance of the original periodic system, and hence to avoid reflection. Sec. 4 stud-
ies the applicability of the homogenization model in the infinite problem and scattering problems
by way of numerical examples. Sec. 5 concludes the paper, summarizing our main results and
observations.
2 Dynamic homogenization for periodic flexural systems
2.1 Wave propagation in periodic flexural systems
Composite beams. Consider a beam made of alternating phases in the x direction, namely, phases
a and b of lengths l(a) and l(b), respectively. Accordingly, we have that E(x+ l) = E(x) and
ρ(x+ l) = ρ(x), where l = l(a)+ l(b) is the length of the unit cell, E(x) is the Young modulus and
ρ(x) the mass density per unit volume. The cross-section area, A, and the inertia moment, I, are
uniform throughout the medium, as illustrated in Fig. 1(a).
In the absence of distributed loading, the Euler-Bernoulli beam model of flexural motion reads
(see, e.g., Graff, 1975)
[B(x)u,xx] ,xx+ρ(x)Au,tt = 0, (1)
where u is the transverse displacement and B(x) = E(x)I is the bending stiffness. Assuming time
3
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Figure 1: (a) An infinite periodic beam made of two alternating a and b phases. (b) A flexural system with
periodically attached local resonators, modeled as mass-spring elements attached to a uniform beam. A unit
cell of length l comprises a resonator attached to its right end. (c) A semi-infinite periodic beam in contact at
x = 0 with its homogenized equivalent occupying the domain x < 0. The letters I, R, and T denote incident,
reflected and transmitted waves, respectively. (d) Two semi-infinite b phases connected by a finite periodic
beam (left), and connected by the homogenized beam of the same length (right).
dependency in the form e−iωt , Eq. (1) can be rewritten as
M,xx− iω p = 0, (2)
M = B(x)u,xx and
p = ρ(x)Au,t =−ρ(x)Aiωu (3)
is the linear momentum. For harmonic waves traveling in this periodic beam, the field variables are
of the form (Bloch, 1929, Kittel, 2005)
R(x, t) = Rp(x)ei(kBx−ωt), (4)
where R represents the field variables, namely, u, and the angle of rotation, θ , bending moment,
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M and shear force, V , and Rp is periodic with the same periodicity as the unit cell; the outstanding
question is to relate the Bloch wavenumber, kB, and the frequency ω . To this end, we note that in
each phase, the general solution of Eq. (1) is
u(x) =C+eikx+D+e−kx+C−e−ikx+D−ekx, (5)
where k = 4
√
ρAω2/B, and the coefficients C± (resp. D±) denote the amplitudes of the propagating
(resp. non-propagating) waves. It follows that the field variables at the ends x(i)0 and x
(i)
0 + l
(i) of
each phase i are related via1
u
(
x(i)0
)
θ
(
x(i)0
)
k(a)
−1
M
(
x(i)0 + l
(i)
)
k(a)
−2
V
(
x(i)0 + l
(i)
)
k(a)
−3

= H(i) ·

M
(
x(i)0
)
k(a)
−2
V
(
x(i)0
)
k(a)
−3
u
(
x(i)0 + l
(i)
)
θ
(
x(i)0 + l
(i)
)
k(a)
−1

, (6)
where the k(a) is the value that k takes in phase a, and H(i) is given in Appendix A. Using the
continuity of the field variables and Eq. (4), the dispersion relation kB(ω) of a periodic beam can
be determined by solving the generalized eigenproblem (Tan, 2010)
 −I2 H11
02 H21
 · sm(x) = eikBl
 −H12 02
−H22 I2
 · sm(x); (7)
here H11,H12,H21,H22 denote the 2× 2 sub-blocks of the hybrid matrix corresponding to the unit
cell whose ends are at x and x+ l, and sm(x) =
{
u(x),θ(x)k(a)−1,M(x)k(a)−2,V (x)k(a)−3
}T
is the
modified state vector. The characteristic polynomial associated with Eq. (7) provides
coskBl =
−a2±
√
a22−4a1 (a3−2a1)
4a1
, (8)
where a1 = detH12 and the coefficients a2 and a3 are cumbersome functions of the matrix elements
in Eq. (7), omitted for brevity.
Note that if kBl is a solution, then so are 2pin± kBl, for n ∈ Z. The region −pi 6 kBl 6 pi is
called the 1st Brillouin zone. The 2nd Brillouin zone comprises the negative region −2pi+ kBl and
the positive region 2pi − kBl, and so forth. To determine the range of propagating and attenuating
1The standard transfer matrix formulation is given, e.g., in Carta and Brun (2015) and Xu et al. (2016).
5
frequencies it is sufficient to examine the irreducible 1st Brillouin zone, 06 kBl 6 pi (Farzbod and
Leamy, 2011); if kB is complex, then the frequency belongs to a gap, i.e., there is no propagating
solution, and waves at this frequency decay.
Locally resonant flexural systems. The dispersion relation derivation of flexural systems with
periodically attached local resonators is summarized next (Yu et al., 2006, Xiao et al., 2013,
Shuguang et al., 2015, Carta and Brun, 2015). Such systems are analyzed as uniform Euler-
Bernoulli beams connected periodically to harmonic oscillators modeled as mass (m)-spring (ks)
elements, as shown in Fig. 1(b). The equation of motion for this model can be expressed as
[B(x)u,xx] ,xx−ρ(x)ω2Au(x) = −∑
n
ksω2 u(xn)
ω2−ω20
δ (x− xn), (9)
where δ (x) is the Dirac delta function, ω0 =
√
ks
m
and the factor− ksω
2u(xn)
(ω2−ω20 )
is the force acting on
the beam at the connection points xn = nl, n ∈ Z. Note that ∑n u(xn)δ (x− xn) = u(x)∑n δ (x− xn),
hence we can recast Eq. (9) in a form that is similar to Eq. (1), by replacing ρ(x) with ρˆ(x) =
ρ(x)− ks
(ω2−ω20 )A
∑n δ (x− xn).
As in the previous derivation, a hybrid matrix and Bloch-Floquet analysis is carried out by
considering a unit cell of length l with a resonator attached to its right end. The resultant hybrid
matrix is equal to the hybrid matrix of a homogeneous cell plus the term
ksω2(
ω2−ω20
) at its (4,3)
entry (Appendix A). The appended term comes from the change in the value of the shear force at
the connection point. The corresponding dispersion relation is Eq. (8) with modified ai according
to the new hybrid matrix.
2.2 Effective properties
Our derivation of the effective properties for flexural systems relies on volume averages of field
variables, similarly to the procedure developed in Nemat-Nasser et al. (2011) for laminates (see also
Willis, 2009). By construction, the resultant homogenized formulation satisfies macroscopic field
equations, and recovers exactly the dispersion relation of composite and locally resonant beams.
To derive macroscopic relations in terms of mean quantities, we multiply Eq. (2) by e−ikBX and
obtain [
Mp(x)eikB(x−X)
]
,xx− iω pp(x)eikB(x−X) = 0. (10)
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In terms of χ = x−X , Eq. (10) reads[
Mp(X +χ)eikBχ
]
,χχ − iω pp(X +χ)eikBχ = 0. (11)
Eq. (11) with respect to X over the unit cell provides[
〈Mp〉ikBχ
]
,χχ − iω〈pp〉eikBχ = 0, (12)
where the average of each one of the periodic parts is defined as
〈◦〉 = 1
l
∫ l/2
−l/2
(◦)dX . (13)
The averaged field variables are given by
ς(x) = 〈ςp〉eikBx, ς = M, p,u, (14)
and satisfy a governing equation similar to Eq. (2), in the form
M(x),xx− iω p(x) = 0. (15)
We complete our formulation with the following macroscopic counterparts of the moment-displacement
relation and Eq. (3)
M(x) = B˜u,xx(x), p(x) =−iωAρ˜ u(x), (16)
which define the effective bending stiffness, B˜, and effective mass density, ρ˜ . Eq. (16) yields with
Eq. (15) a frequency-wavenumber relation whose form is analogous to that of a homogeneous
beam, namely,
k4B−ω2
A ρ˜
B˜
= 0. (17)
Eq. (17) reproduces precisely the dispersion relation of flexural composite and locally resonant
systems, through the frequency-dependent effective properties ρ˜ and B˜ given in Eq. (15), as will
be demonstrated in the sequel.
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2.3 Analytic formulas for calculating the effective properties
The common procedure to determine the effective properties requires the calculation of the local
fields and integration of their periodic parts over the unit cell. Here we employ a different approach,
incorporating Fourier analysis. Firstly, we consider the Bloch form of u,M and p, and expand their
periodic part into Fourier series, as well as the quantities B and ρ (or ρˆ for the locally resonant
beam). Accordingly, we have that
ς(x) = eikBx∑
m
ςF(m)e
2ipimx
l , ς = u,M, p, m ∈ Z, (18)
where
ςF(m) =
1
l
∫ l/2
−l/2
ςp(x)e
−2ipimx
l dx. (19)
In Eq. (18), the term with m = 0 describes the part of ς(x) that varies slower with x than the part
associated with the rest of the terms. It follows that
ς(x) = ςF(m = 0)eikBx = 〈ςp〉eikBx. (20)
Substitution of the Fourier expansions into the relation M = B(x)u,xx and Eq. (3) delivers a relation
between 〈Mp〉 and 〈up〉, and between 〈pp〉 and 〈up〉, namely,
〈Mp〉=−BF(0)k2B〈up〉− ∑
m6=0
BF(−m)
(
kB+
2pim
l
)2
uF(m), (21)
〈pp〉=−ρF(0)iωA〈up〉− iωA ∑
m 6=0
ρF(−m)uF(m). (22)
We clarify that in Eq. (22) and the sequel, the terms ρF are replaced by ρˆF when the locally resonant
beam is addressed. We eliminate uF(m) from Eqs. (21-22) by expressing it in terms of 〈up〉,
similarly to Cerdán-Ramírez et al. (2009), who carried out a related analysis for photonic crystals.
In our case, this relation is obtained from the equation describing the propagation of flexural waves
in beams, i.e., Eq. (1). Substituting into this equation the Fourier expansions provides
∑
m′
Q(kB;m,m′)uF(m′) = 0, (23)
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where
Q(kB;m,m′) =
(
kB+
2pim
l
)2
BF(m−m′)
(
kB+
2pim′
l
)2
−ω2AρF(m−m′). (24)
We write the coefficients uF(m 6= 0) in terms of uF(m = 0) = 〈up〉 via the equations for m 6= 0 in
Eq. (23), and obtain
uF(m 6= 0) = − ∑
m′ 6=0
Q−1s (kB;m,m
′)Q(kB;m′,0)〈up〉. (25)
Here, Qs(kB;m,m′) is a sub-matrix, obtained from the matrix represented in Eq. (24) after eliminat-
ing its row (resp. column) for m= 0 (resp. m′= 0). The effective properties B˜ and ρ˜ are determined
by substituting Eq. (25) into Eqs. (21-22) and utilizing the macroscopic relations 〈Mp〉=−B˜k2B〈up〉
and 〈pp〉=−iωAρ˜〈up〉. The end result reads
B˜(kB,ω) = BF(0)+ ∑
m 6=0
BF(−m)
(
kB+
2pim
l
)2
wF(m),
wF(m 6= 0) =− ∑
m′ 6=0
Q−1s (kB;m,m
′)
[(
kB+
2pim′
l
)2
BF(m′)−
(
ω
kB
)2
AρF(m′)
]
.
(26)
ρ˜(kB,ω) = ρF(0)+ ∑
m 6=0
ρF(−m)vF(m),
vF(m 6= 0) =− ∑
m′ 6=0
Q−1s (kB;m,m
′)
[(
kB+
2pim′
l
)2
BF(m′)k2B−ω2AρF(m′)
]
.
(27)
We remark that for the locally resonant beam, the components ρˆF(m−m′) are negative at 1 < ωω0 <
√
1+
m
ρAl
.
Notably, the effective properties B˜ and ρ˜ depend on the wavenumber kB and the frequency ω .
Eq. (23) provides the dispersion relation kB(ω) of the flexural system, through its implied condi-
tion
detQ= 0. (28)
(Of course, this calculation of the dispersion relation is not needed, having Eq. (8) at hand; we
provide it to argue that our approach can be generalized to cases in which exact dispersion relations
are not accessible.) In turn, the frequency-dependent effective properties B˜ and ρ˜ are obtained by
substituting (kB,ω) pairs into Eqs. (26-27). Alternatively, the dispersion relation and the effective
properties can be evaluated using the following iterative procedure. Firstly, the static weighted
9
averages
B˜0 = l
(
l(a)
B(a)
+
l(b)
B(b)
)−1
, ρ˜0 =
l(a)ρ(a)+ l(b)ρ(b)
l
(29)
are substituted into Eq. (17) as B˜ and ρ˜ to obtain an initial dispersion relation (kB,ω); the latter is
substituted into Eqs. (26-27) to find a first iteration of the frequency-dependent properties B˜(kB,ω)
and ρ˜(kB,ω), which are substituted back to Eq. (17) to evaluate the next iteration of the dispersion
relation, and so forth, until convergence.
We emphasize that our scheme evades the need to calculate the microscopic displacement field;
it is actually extractable from our scheme, by substituting back Q into Eq. (23) to calculate uF(m),
and in turn, u(x).
3 Reflection and transmission in interface problems
As discussed by Srivastava and Nemat-Nasser (2014) and Joseph and Craster (2015), to justify a
replacement of the periodic medium by fictitious homogeneous medium with effective properties,
their response to interface problems should be similar. Srivastava and Nemat-Nasser (2014) sug-
gested to quantify this similarity by the reflected energy (see also Herzig Sheinfux et al., 2014,
Joseph and Craster, 2015, Amirkhizi, 2017). Accordingly, we analyze next the reflection and trans-
mission at the interface of semi-infinite and finite periodic flexural systems, in comparison with
their dynamic homogenized equivalents, as illustrated in Figs. 1(c) and 1(d).
3.1 Two contiguous semi-infinite beams
We consider a semi-infinite fictitious homogeneous beam with bending stiffness B˜ and mass density
ρ˜ occupying the domain x < 0. The beam is perfectly bounded at x = 0 to a semi-infinite periodic
system, whose properties are described in Sec. 2.1, occupying the domain x > 0, see Fig. 1(c). The
fictitious beam serves as the homogenized equivalent of the periodic system, hence its properties
satisfy the dispersion relation (17), with a wavenumber that coincides with the Bloch wavenum-
ber kB of waves in the periodic system. At the interface, a positive-going wave C+eikBx excited
from the left is partially reflected in the form of a negative-going wave C−e−ikBx and attenuating
wave D−ekBx. A transmitted wave in the semi-infinite periodic domain is created too, comprising
positive-going wave C+p up(x)e
ikBx and attenuating wave D+e−kBx. The attenuating waves—required
for the field variables to be continuous across the interface—are negligible far from the interface.
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From the corresponding continuity conditions at the interface we obtain
C++C−+D− =C+p u(0)+D
+,
iC+− iC−+D− =C+p
θ(0)
kB
−D+,
− B˜C+− B˜C−+ B˜D− =C+p
M(0)
k2B
+ B˜D+,
iB˜C+− iB˜C−− B˜D− =C+p
V (0)
k3B
+ B˜D+,
(30)
where u(0), θ(0), M(0) and V (0) are the solutions of the hybrid matrix generalized eigenproblem
(7) at x = 0. Note that the attenuating wave D+e−kBx was treated as a wave solution corresponding
to a homogeneous medium having the dynamic effective properties B˜ and ρ˜ . The continuity con-
ditions (30) constitute a system of linear equations, from which we obtain the reflection coefficient
r ≡ C
−
C+
, namely,
r =
i k3BB˜u(0)− i kBM(0)−
[
V (0)+ k2BB˜θ(0)
]
i k3BB˜u(0)− ikBM(0)+
[
V (0)+ k2BB˜θ(0)
] , (31)
or
r =
γ−1
γ+1
, (32)
where
γ =
ik3B B˜u(0)− ikBM(0)
V (0)+ k2B B˜θ(0)
. (33)
The normalized reflected energy equals |r|2, and vanishes when γ = 1. Following Srivastava and
Nemat-Nasser (2014) , we use it to quantify the applicability of the homogenized models, in our
context of flexural systems. Furthermore, bearing in mind that both the reflective energy and the
effective properties depend on the chosen solution of kB, Srivastava and Nemat-Nasser (2014) sug-
gested to use energy conservation requirements to determine which solution should be used for r,
and, in turn, calculating ρ˜ and B˜. This is demonstrated in the sequel.
Long-wavelength limit and reflection dependency on the interface location. It is expected that
in the long-wavelength limit γ ≈ 1 and therefore |r|2 ≈ 0. We now verify that our derivation for the
effective properties meets this expectation. Since eikBx = 1 at x = 0+, we have that
u(0) = up(0), θ(0) = θp(0), M(0) = Mp(0), V (0) =Vp(0). (34)
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In the long-wavelength limit, the periodic part of the displacement varies slowly over the unit cell,
its derivatives practically vanish and we have θp(0) ≈ ikBup(0), Vp(0) ≈ −ikBMp(0). Then, the
parameter γ becomes
γ ≈ ik
3
B B˜up(0)− ikBMp(0)
−ikBMp(0)+ k2B B˜ ikBup(0)
= 1. (35)
We have that γ ≈ 1 and, in turn, r ≈ 0 as it should. Note that this result is only satisfied for a
homogeneous beam having the effective properties given in Eq. (16). If this medium is replaced by
a homogeneous one having mass density ρh 6= ρ˜ and bending stiffness Bh 6= B˜ (which also satisfy
the dispersion relation of the periodic beam), then Eqs. (30) will not yield vanishing r in the low
frequency limit. Stated differently, in the long-wavelength limit the periodic structure effectively
behaves as a homogeneous beam whose bending stiffness is B˜≈−Mp(0)/k2Bup(0).
Note that the result in Eq. (35) is independent of the interface location within the unit cell. Gen-
erally, however, the reflected energy depends on that location, and hence, so does the applicability
of the homogenized model. This is due to the dependency of the field variables on the position, and
in turn, the parameter γ , as we numerically demonstrate in Sec. 4.
3.2 Finite system bounded by two semi-infinite homogeneous media
We analyze the transmission through a periodic system bounded by two homogeneous semi-infinite
media, see Fig. 1(d). Specifically, we consider an incident wave of amplitude C+(L) from the
left, and calculate the normalized transmitted energy, |t|2 =
∣∣∣∣C+(R)C+(L)
∣∣∣∣2, where the C+(R) is the
magnitude of the transmitted wave to the right. To evaluate |t|2, we derived an expression using the
hybrid matrix of the intermediate finite system, Hf, determined according to the procedure detailed
in Appendix A. For simplicity, we assume that the semi-infinite media are made of phase b. The
corresponding components of the modified state vector sm(x) are u(x)θ(x)k(a)−1
= Q+uθ (x) · c++Q−uθ (x) · c−, M(x)k(a)
−2
V (x)k(a)
−3
= Q+MV (x) · c++Q−MV (x) · c−,
(36)
12
where
c± =
 C±D±
 , Q±uθ (x) =
 e±ik(b)x e∓k(b)x
±ik
(b)
k(a)
e±ik(b)x ∓k
(b)
k(a)
e∓k(b)x
 ,
Q±MV (x) = B
(b)
(
k(b)
k(a)
)2 −e±ik(b)x e∓k(b)x
±ik
(b)
k(a)
e±ik(b)x ±k
(b)
k(a)
e∓k(b)x
 .
(37)
Here, B(b) and k(b) denote, respectively, the bending stiffness and the wavenumber in phase b. The
scattering matrix S
S =
 Q−uθ (0) 02
02 Q
+
MV (0)
−Hf ·
 Q−MV (0) 02
02 Q
+
uθ (0)
−1
·
Hf ·
 Q+MV (0) 02
02 Q
−
uθ (0)
−
 Q+uθ (0) 02
02 Q
−
MV (0)
 (38)
(02 is the 2×2 null matrix) relates the amplitudes at the semi-infinite media, namely, c−(L)c+(R)
= S ·
 c+(L)c−(R)
 . (39)
In terms of S, the normalized transmitted energy is
|t|2 =
∣∣∣∣∣∣{1 0} ·S21 ·
 10

∣∣∣∣∣∣
2
, (40)
where S21 is the 2×2 bottom-left block of S. Expression (40) is also used to evaluate the normalized
transmitted energy when the intermediate finite system is a locally resonant beam. In this case, the
matrix Hf is based on the modified hybrid matrix, described in Sec. 2.1.
4 Numerical calculations
We quantify next the applicability of our homogenization scheme and study its dependency on the
wavelength through numerical realization of the previous derivations. This is carried out firstly for
composite media homogenization, and subsequently for locally resonant media.
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Phase ρ (kg/m3) E (Pa) length (m)
a 1000 2×109 0.03
b 3000 200×109 0.04
Table 1: Geometrical and physical properties of the phases comprising the periodic beam. The width and
thickness of the beam are 0.02 m and 0.0016 m, respectively.
4.1 Homogenization of composite beams
Dispersion relation and effective parameters. Consider an exemplary periodic beam, whose phase
geometrical and physical properties are given in Tab. 1. The first four bands, calculated by the
exact relation (8), are given by the continuous blue curves in Fig. 2(a). The imaginary part of kB,
associated with the gaps, is depicted by the continuous red curve.
Figs. 2(b) and 2(c) show the frequency-dependent effective properties ρ˜ and B˜, respectively,
calculated using our scheme, i.e., via Eqs. (26-27), when truncating the Fourier series at m = 200.
Across the first band, the effective properties are evaluated using kB solutions in the 1st Brillouin
zone, while solutions in the 2nd (resp. 3rd and 4th) Brillouin zone are used across the second (resp.
third and fourth) band range. We properly obtain real values across the frequencies of the bands,
and complex values across the frequencies of the gaps. The homogenized dispersion relation (17)
is evaluated with these calculated effective properties in Fig. 2(a), illustrated by the circle (real
part) and diamond (imaginary part) marks. Indeed, the exact and homogenized dispersion relations
are in excellent agreement. Notably, this agreement extends beyond the fundamental Bloch band at
low frequencies.
As mentioned, if (ω,kBl) satisfy the exact dispersion relation, then so are (ω,2pin± kBl) for
integer n. Willis (2013) questioned if this ambiguity in the value of kB extends to homogenized
models; we find that for the homogenized dispersion relation with ρ˜ and B˜, only a unique choice
of kB solution recovers the exact dispersion relation. This is demonstrated in panels (d-f), where
kB values in the 1st Brillouin zone were chosen when calculating ρ˜ , B˜, and the dispersion relation
across the second band. Contrary to panels (a-c), were the choice of the 2nd Brillouin zone recovers
the second band, here the homogenized dispersion relation diverges from it. Similar divergence
occurs at higher bands where kB solutions other than those employed in panel (d-f) are used; for
brevity, this illustration is omitted.
According to our formulation, the dynamic effective properties are determined from Fourier
coefficients ρ(m), B(m) which, for a fixed unit cell length l, are independent of how the unit cell
of the periodic system is represented. Consequently, the curves reported in Figs. 2(b) and 2(c) are
also independent of the unit cell representation.
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Figure 2: (a) Band diagram of the exemplary composite, truncated at the fifth band. The blue (resp. red)
curve corresponds to the real (resp. imaginary) part evaluated from the exact relation (8). Circle (resp.
diamond) marks correspond to the real (resp. imaginary) part evaluated from the homogenized dispersion
relation (17). (b) Effective dynamic mass density ρ˜ and (c) effective dynamic bending stiffness B˜ employed
in panel (a), calculated using increasing values of kB. Panels (d-f) are the counterparts of (a-c), respectively,
when the band diagram is truncated at the second gap, and kB is restricted to the 1st Brillouin zone.
Contiguous semi-infinite beams. We continue to the interface problem between the semi-infinite
composite and its homogenized equivalent. In Sec. 3 we showed that the spatial low variation of
the displacement and bending moment fields at low frequencies implies that r ≈ 0, and hence the
homogenized model captures the reflectance behavior of the periodic beam. As the frequency is
increased, the fields up(x) and Mp(x) fluctuate more rapidly, reflection becomes significant, and the
suitability of the homogenized model deteriorates. We demonstrate this in Fig. 3, by plotting the
normalized periodic part of the displacement field (panel a),
|up(x)|
〈|up(x)|〉 , and the bending moment
(panel b),
|Mp(x)|
〈|Mp(x)|〉 , over the unit cell, at the frequencies 10
rad
s
(solid curves), 100
rad
s
(dotted
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Figure 3: The fields
|up(x)|
〈|up(x)|〉 (black curves), and
|Mp(x)|
〈|Mp(x)|〉 (brown curves) over the unit cell at 10, 100 and
300
rad
s
(solid, dotted and dashed curves, respectively).
curves), and 300
rad
s
(dashed curves). It can be seen that the periodic parts of the displacement and
the bending moment are practically constants for frequencies below 100
rad
s
, while having a more
significant variation at 300
rad
s
. At this frequency, the normalized periodic part of the displacement
reach a maximum deviation of 0.09 from unity. In accordance with the increase in mode fluctuation
at higher frequencies, reflectance in the semi-infinite interface problem increases too; for instance,
when considering an interface at the middle of the phase a, the reflection at the frequencies 10, 100
and 300
rad
s
is 6.32×10−7, 7.04×10−5, and 7.84×10−4, respectively.
The dependency of the reflected energy on the wavelength and interface location is notably
demonstrated in Fig. 4(a) by plotting ω −|r|2 diagram for four different interface locations, illus-
trated in the inset. Indeed, we observe that the reflected energy vanishes when ω→ 0, and changes
between different interface locations. The difference is more pronounced across the second band,
specifically between the case of an interface at the middle of phase a and an interface at the middle
of phase b. Fig. 4(b) displays |r|2 across the unit cell at 10, 100 and 300 rad
s
. We observe that the
reflection dependency on the interface location becomes greater as the frequency increases.
We recall that in calculating ρ˜ and B˜, and in turn r, the right Brillouin zone should be chosen. To
demonstrate it in this problem, we plot in Fig. 5 the normalized reflected energy of the exemplary
beam, when it is in contact with its homogenized equivalent at x = 0. We evaluate |r|2 across the
frequency range of the first two bands, when the interface is located at the middle of phase a. In
Fig. 5(a), the calculation was carried out using solutions in the 1st Brillouin zone, while Fig. 5(b)
uses solutions in the 2nd Brillouin zone for the second band range. The reflected energy is found
to be independent of whether we choose the positive normalized wavenumber or its negative value.
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Figure 4: (a) Frequency-reflected energy diagram for four locations of the interface with the semi-infinite
homogenized beam. (b) Reflected energy as function of the interface location at 10, 100 and 300
rad
s
(solid,
dotted and dashed blue curves, respectively).
We observe that calculating r across the second band using kBl in the 1st Brillouin zone violets the
conservation of energy, i.e., |r|2 > 1. By contrast, choosing solutions in the 2nd Brillouin zone leads
to |r|2 < 1, as it physically should. These results agree with our discussion following Fig. 2, as
well as Srivastava and Nemat-Nasser (2014) observation, that certain homogenization schemes for
Bloch waves must use proper Brillouin zones.
Finite beam bounded by two semi-infinite homogeneous beams. Next, we consider a composite
comprising a finite number of unit cells, and compare its transmission spectrum with the spectrum
of a homogeneous beam of the same length, whose properties are the composite homogenized prop-
erties, see Fig. 1(d). Fig. 6 shows the normalized transmitted energy through two semi-infinite b
phases when they are connected by a finite periodic beam (solid black curves), and when connected
by the homogenized beam of the same length (dashed blue curves). In Fig. 6(a), the calculation
was carried out for an intermediate beam comprising 13 unit cells, while Fig. 6(b) depicts the result
for an intermediate beam comprising 20 unit cells. At low frequencies, the homogenized model re-
produces almost identically the transmission characteristics of the periodic beam. For instance, the
peak frequencies differ in less than 2% in the range 0−200 rad
s
for the shorter beams. For longer
beams, the difference is even smaller; across the same frequency range, the minimal values of the
transmitted energy differ in less than 1.3%. Across the frequency range of the second band, the
homogenized model still reasonably recovers peak locations. However, the error in predicting the
minimal transmitted energy becomes substantial, e.g., in the second band depicted in panel (b), the
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Figure 5: Normalized reflected energy from the interface between the exemplary semi-infinite periodic beam
and its homogenized equivalent. Panel (a) uses solutions in the 1st Brillouin zone and for both branches.
Panel (b) uses solutions in the 2nd Brillouin zone for the second branch.
highest value of this error is 87%.
4.2 Homogenization of locally resonant beams
Next, we apply our scheme to a uniform aluminum beam with periodically attached local res-
onators. The beam properties are ρ = 2700
kg
m3
, E = 70×109 Pa and the cross-section of the beam
(width× thickness) is 0.03× 0.025 m2. The local resonators properties are ks = 1.455× 106 Nm,
m = 0.069 kg, as in Xiao et al. (2013); the distance between the resonators is l = 0.04 m. These
values correspond to a resonance frequency of ω0 = 4582.8
rad
s
.
Dispersion relation and effective properties. Firstly, we evaluate in Fig. 7(a) the exact disper-
sion relation (continuous curves) using Eq. (8). Subsequently, we calculate ˜ˆρ and the homogenized
dispersion relation using Eqs. (17) and (27), when the Fourier expansion comprises 40 terms. The
effective mass density, normalized by ρ , is depicted in Fig. 7(b), where black circle marks cor-
respond to its real part and red diamond marks correspond to its imaginary part. Note that in
this case we used |kBl| ≤ pi; the corresponding homogenized dispersion relation is depicted by
circle (real part) and diamond (imaginary part) marks in Fig. 7(a), and demonstrates an excellent
agreement with the exact relation. Both relations exhibit a locally resonant gap across the range
4582.8
rad
s
< ω < 6242.2
rad
s
. Note that the frequency at which the gap opens is independent of l,
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Figure 6: Normalized transmitted energy through two semi-infinite b phases connected by a finite periodic
beam (solid black curves), and when connected by the homogenized beam of the same length (dashed blue
curves). The length of the intermediate beam in panels (a) and (b) is of 13 and 20 unit cells, respectively.
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Figure 7: (a) Band structure of the uniform beam with local resonators. The blue (resp. red) curve corre-
sponds to the real (resp. imaginary) part evaluated from the exact relation (8). Circle (resp. diamond) marks
correspond to the real (resp. imaginary) part evaluated from the homogenized dispersion relation (17). (b)
Normalized effective mass density.
19







    


         



◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦ ◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦◦
◦◦◦◦◦◦◦◦◦◦◦◦◦

 


      



 

                

0 0.05 0.15 0.25 0.35 0.45
0
2000
4582
6242
8000
(a)
r2
ω(rad
/s)
0 2000 4582 6242 8000
0
0.2
0.4
0.6
0.8
1
(b)
ω (rad/s)
t2
1 2◦ 3 4
Figure 8: (a) Frequency-reflected energy diagram for four equi-spaced locations of the interface with the
semi-infinite homogenized beam. The dashed area indicates the metamaterial region, in which the effec-
tive mass density is negative. (b) Normalized transmitted energy through two semi-infinite beams made of
aluminum, connected by a locally resonant beam comprising 20 unit cells (solid black curve), and when
connected by a homogenized beam of the same length (dashed blue curve).
a known feature of locally resonant gaps.
Contiguous semi-infinite beams. Fig. 8(a) shows the normalized reflected energy of the inter-
face problem between the exemplary semi-infinite beam with local resonators and its semi-infinite
homogenized beam for four equi-spaced interface locations, illustrated in the inset. We observe a
dependency of the reflected energy with the interface location which is greater in the vicinity of
the frequencies at which ˜ˆρ = 0 and ∞. At these frequencies, the difference in the reflected energy
is most pronounced between the case of an interface located at one of the ends of the unit cell and
an interface near its center. We observe that the homogenized model of the resonant system is less
sensitive to the interface location than the model for the composite beam. We further observe that
except in the vicinity of the frequencies at which ˜ˆρ = 0 and ∞, the normalized reflected energy van-
ishes, indicating that the applied homogenization scheme is a valid approximation across a wide
range of frequencies. This observation—that locally resonant media are approximated better than
non-resonant media by homogenization—was noted before, e.g., by Srivastava and Nemat-Nasser
(2014), and Srivastava (2015).
Finite beam bounded by two semi-infinite homogeneous beams. Fig. 8(b) shows the normalized
transmitted energy through two semi-infinite beams made of aluminum, connected by a locally res-
onant beam comprising 20 unit cells (solid black curve), and when connected by a homogenized
beam of the same length (dashed blue curve). Remarkably, the homogenized model reproduces
almost identically the transmission of the periodic beam. Here again, we find that the homoge-
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nization of the locally resonant medium reproduces the periodic medium characteristics better the
characteristics of the the composite medium.
5 Summary
We have developed a new homogenized model for composite beams and systems with periodically
attached local resonators undergoing flexural motions, based on the approach of Nemat-Nasser and
Srivastava (2011). Specifically, we derived macroscopic equations—which take the same form
of the local ones—and effective properties, which produce together the exact dispersion relation,
as desired. In addition to the simplicity of our homogenization scheme, it does not require the
knowledge of local fields; these are actually extractable from it, if wanted.
We have investigated the capability of the homogenized model to capture the dynamic char-
acteristics of the periodic systems, through its application in three numerical settings. Firstly, we
have compared the exact dispersion relation of infinite exemplary composite and locally resonant
systems with our homogenized model, to find an excellent agreement. Secondly, we studied the
reflected energy of an incident wave from a semi-infinite homogenized medium to its semi-infinite
periodic counterpart. We showed that at low frequencies, there is no reflection from the media
common interface, namely, in this limit our model is able to appropriately match the periodic sys-
tem impedance. As frequency increases, impedances cannot be matched, and reflection occur in
a manner that depends on microscale details, namely, the impedance and length of the phase that
borders with the homogenized medium. We observed that this dependency is weaker in the lo-
cally resonant case. Finally, we have analyzed the transmitted energy of an incident wave through
a finite medium bounded between two semi-infinite homogeneous beams. Specifically, we have
compared the transmitted energy when the intermediate medium is periodic, with the transmitted
energy when the periodic medium it is replaced by its homogenized equivalent. We observed that
the homogenized model of the composite beam neatly captures the first gap, as well as the trans-
mission spectrum across the first band, with some deterioration towards its end. Across the second
band, the homogenized model predicts well frequencies of complete transmission, while substan-
tially overestimating magnitudes of minimal transmission. The homogenized approximation for the
locally resonant beam is significantly better, having its spectrum almost indistinguishable from the
periodic medium spectrum across the two bands. This observation, together with a similar obser-
vation in the case of semi-infinite media, suggests that locally resonant systems lend themselves to
homogenization better than composite systems, as noted by Srivastava and Nemat-Nasser (2014).
It is imperative to extend our analysis to other structural models, such as plates (Antonakakis and
Craster, 2012) and torsional systems (Carta and Brun, 2015); this will be pursued in future work.
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Appendix A
Within a homogeneous phase, the state vector s(x) = {u(x),θ(x),M(x),V (x)}T can be expressed
in the matrix form
s(x) =

eikx e−kx e−ikx ekx
ikeikx −ke−kx −ike−ikx kekx
−Bk2eikx Bk2e−kx −Bk2e−ikx Bk2ekx
iBk3eikx Bk3e−kx −iBk3e−ikx −Bk3ekx
 ·

C+
D+
C−
D−

, (A.1)
where k = 4
√
ρAω2/B and the coefficients C±,D± represent amplitudes of corresponding waves.
Commonly, the state vector in periodic systems, and in turn the dispersion relation, are expressed
in terms of the transfer matrix. However, in certain cases the transfer matrix formulation is prone
to numerical instabilities (Dunkin, 1965, Pérez-Álvarez and García-Moliner, 2004). Therefore,
we used a formulation based on the numerically stable hybrid matrix (Tan, 2006, Pérez-Álvarez
et al., 2015, Shmuel and Pernas-Salomón, 2016), as follow. We define a modified state vector
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sm(x) =
{
u(x),θ(x)k(a)−1,M(x)k(a)−2,V (x)k(a)−3
}T
, for which the hybrid matrix reads in Eq. (6)
H(i) =

1 1 eik
(i)l(i) e−k(i)l(i)
i
k(i)
k(a)
− k
(i)
k(a)
−i k
(i)
k(a)
eik
(i)l(i) k
(i)
k(a)
e−k(i)l(i)
−B(i)
(
k(i)
k(a)
)2
eik
(i)l(i) B(i)
(
k(i)
k(a)
)2
e−k(i)l(i) −B(i)
(
k(i)
k(a)
)2
B(i)
(
k(i)
k(a)
)2
iB(i)
(
k(i)
k(a)
)3
eik
(i)l(i) B(i)
(
k(i)
k(a)
)3
e−k(i)l(i) −iB(i)
(
k(i)
k(a)
)3
−B(i)
(
k(i)
k(a)
)3

·

−B(i)
(
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(
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i
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k(a)
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
−1
,
(A.2)
where B(i) denotes the bending stiffness of the phase i, and the k(i) (resp. k(a)) is the value that k
takes in the phase i (resp. a). The matrix elements of H(i) are
h
(i)
11 =
(
k(a)
k(i)
)2
sin l(i)k(i) sinh l(i)k(i)
B(i) cos l(i)k(i) cosh l(i)k(i)+B(i)
,
h
(i)
12 =
(
k(a)
k(i)
)3
cos l(i)k(i) sinh l(i)k(i)− sin l(i)k(i) cosh l(i)k(i)
B(i) cos l(i)k(i) cosh l(i)k(i)+B(i)
,
h
(i)
13 =
cos l(i)k(i)+ cosh l(i)k(i)
cos l(i)k(i) cosh l(i)k(i)+1
,
h
(i)
14 =−
k(a)
k(i)
sin l(i)k(i)+ sinh l(i)k(i)
cos l(i)k(i) cosh l(i)k(i)+1
,
(A.3)
23
h
(i)
21 =−
k(a)
k(i)
cos l(i)k(i) sinh l(i)k(i)+ sin l(i)k(i) cosh l(i)k(i)
B(i) cos l(i)k(i) cosh l(i)k(i)+B(i)
,
h
(i)
22 = h
(i)
11,
h
(i)
23 =
k(i)
k(a)
sin l(i)k(i)− sinh l(i)k(i)
cos l(i)k(i) cosh l(i)k(i)+1
,
h
(i)
24 = h
(i)
13,
(A.4)
h
(i)
31 = h
(i)
13,
h
(i)
32 = h
(i)
14,
h
(i)
33 =
(
k(i)
k(a)
)2
B(i) sin l(i)k(i) sinh l(i)k(i)
cos l(i)k(i) cosh l(i)k(i)+1
,
h
(i)
34 =
k(i)
k(a)
B(i)[cos l(i)k(i) sinh l(i)k(i)− sin l(i)k(i) cosh l(i)k(i)]
cos l(i)k(i) cosh l(i)k(i)+1
,
(A.5)
h
(i)
41 = h
(i)
23,
h
(i)
42 = h
(i)
13,
h
(i)
43 =−
(
k(i)
k(a)
)3
B(i)[cos l(i)k(i) sinh l(i)k(i)+ sin l(i)k(i) cosh l(i)k(i)]
cos l(i)k(i) cosh l(i)k(i)+1
,
h
(i)
44 = h
(i)
33.
(A.6)
The total hybrid matrix corresponding to a stack comprising i phases, H(1,i), is determined in terms
of the total hybrid matrix of the first i−1 phases, H(1,i−1), and the hybrid matrix of the ith phase,
24
H(i), as follows
H
(1,i)
22 = H
(i)
22 +H
(i)
21 ·
[
I2−H(1,i−1)22 ·H(i)11
]−1 ·H(1,i−1)22 ·H(i)12,
H
(1,i)
21 = H
(i)
21 ·
[
I2−H(1,i−1)22 ·H(i)11
]−1 ·H(1,i−1)21 ,
H
(1,i)
12 = H
(1,i−1)
12 ·H(i)12 +H(1,i−1)12 ·H(i)11 ·
[
I2−H(1,i−1)22 ·H(i)11
]−1 ·H(1,i−1)22 ·H(i)12,
H
(1,i)
11 = H
(1,i−1)
11 +H
(1,i−1)
12 ·H(i)11 ·
[
I2−H(1,i−1)22 ·H(i)11
]−1 ·H(1,i−1)21 ,
(A.7)
where H11,H12,H21,H22 denote the 2× 2 sub-blocks of the corresponding hybrid matrix, and I2
denotes the unit matrix of the same order.
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